D-BAR OPERATORS ON QUANTUM DOMAINS 



SLAWOMIR KLIMEK AND MATT MCBRIDE 

Abstract. We study the index problem for the d-bar operators subject to Atiyah- Patodi- 
Singer boundary conditions on noncommutative disk and annulus. 



1. Introduction 

It this paper we consider noncommutative analogs of the d-bar operator on simple complex 
plane domains with boundary: disk and annulus. In both cases the corresponding quantum 
domain, its boundary, a d-bar operator, and an analog of the Hilbert space of functions 
on the domain is constructed using a weighted shift, subject to suitable assumptions. The 
weighted shift plays the role of the complex coordinate z. 

For such d-bar operators we consider boundary conditions of Atiyah, Patodi, Singer (APS) 
type [1]. This can be done so that both the commutative and the noncommutative setup 
appear in close analogy. The main result of the paper is that of the quantum d-bar operators 
subject to APS conditions are unbounded Fredholm operators. Additionally we compute 
their index. 

Let us recall that an unbounded operator D is called a Fredholm operator if D is closed, 
has closed range, and finite dimensional kernel and cokernel. Equivalently, see [12], a closed 
opearotor D is Fredholm if it has a bounded parametrix Q such that both QD — I and 
DQ — I are compact. The technical part of the paper consist of finding such a parametrix. 

The celebrated APS boundary condition was introduced in [1] to handle the index theory 
for geometrical operators on manifolds with boundary when usual local boundary conditions 
were not available. Because it is non-local, the APS condition seems to be naturally suited 
to consider in noncommutative geometry. A more general class of APS-type boundary con- 
ditions was described in [3]. Here we consider only simple APS-type boundary conditions 
given by spectral projections. 

This paper is a continuation and an extension of [4], which considered APS theory on the 
noncommutative unit disk. Here we present somewhat different and more detailed treatment 
of the disk case as well as a similar theory on the cylinder. In particular the modifications 
we consider here yield a compact parametrix for the d-bar operators, which was not the case 
in [4]. The present paper will be followed by a separate note containing a construction of 
a parametrix for the quantum d-bar operator on the semi-infinite cylinder i.e. a punctured 
disk. 

Noncommutative domains considered in this paper were previously discussed in [8, 9]. 
Other papers that studied d-bar operator in similar situations (but not the APS boundary 
conditions) are: [2], [7], [11], [13]- [17]. A related study of an example of APS boundary 
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conditions in the context of noncommutative geometry is contained in [5], another one is in 
[10]. 

The ideas in this paper can be further extended in several directions. The present setup fits 
into deformation-quantization scheme and so it will be desirable to consider classical limit of 
the quantum d-bar operators. Other, different, possibly higher dimensional examples should 
also be constructed. Because of the compact paramctrix, the d-bar operators of this paper 
can be used to define Fredholm modules over quantum domains (with boundary), which will 
be interesting to explore. While the computation of the index in the present work is fairly 
straightforward, it is a challenging question to find a noncommutative framework for such 
calculations in general. 

The paper is organized as follows. In the preliminary Section 2 we describe the classical 
d-bar operators on domains in complex plane subject to APS-type boundary conditions and 
compute their index. Section 3 contains the main constructions of the paper: quantum disk, 
quantum annulus, Hilbert spaces, d-bar operators, APS-type boundary conditions. The 
main results are also stated in this section. Section 4 is the longest of the paper. It contains 
detailed analysis of some finite difference operators in weighted £^ spaces. The operators 
are essentially unbounded Jacobi operators, see [18] . That analysis constitutes the technical 
backbone of the paper. Section 5 introduces noncommutative Fourier transform on our 
quantum domains. The Fourier transform essentially diagonalizes the d-bar operators and 
thus reduces their analysis to the analysis of the difference operators of the previous section. 
Finally, Section 6 describes proofs of the main results. 

2. The d-bar operator on domains in the complex plane 

It this section we review the basic aspects of the APS theory for the d-bar operator on 
simple domains in the complex plane C. We start by introducing some notation. The first 
domain is the disk: 

D = e C : \z\< p+} 
dB^{zeC: \z\ ^p+}c^S\ 
The second domain is an annulus in the complex plane C: 

Ap_,p+ = {zeC: 0<p.<\z\<p+} 

5Ap_,p+ = e C : \z\^ p±} c^S^U S\ 

which can also be viewed finite cylinder. 

For each of those domains we will consider the d-bar operator: 

D 

defined on the space of smooth functions. 
First we will concentrate on the unit disk 

— > C^(D) C~(D) ^ C°°(aD) — > (2.1) 



d 
dz 



In this case we have the short exact sequence: 
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where r : C°°(D) — >■ C°°(9D) is the restriction map to the boundary, rf{(f) = /(I • e**^). 
Here C^(D) is the space of smooth functions on D vanishing at the boundary and 2; e D 
has polar representation z = pe*"^. 

Now we consider the APS-hke boundary conditions on D. Notice that the APS theory 
cannot be apphed directly in this case since the operator D does not quite decompose into 
tangential (boundary) and transverse parts near boundary. However this is only a minor 
technical annoyance, and it is clear that —id /dip is the correct boundary operator. The 
APS-type boundary conditions considered in this paper are given in terms of the spectral 
projections of the boundary operator —id/ dip as follows. Let tta {I) be the spectral projection 
of a self-adjoint operator A onto interval /. For an integer N we introduce P^: 

Pn ^ni^{-oo,N]. (2.2) 

i dip 

In other words is the orthogonal projection in L?{S^) onto span{e*'^'^}n,<jv. 

The main object of the APS theory is the operator defined to be the operator D with 
the domain: 

dom(Div) = {/ e C~(©) C L2(D) : rf e Ran Pn). 
We have the following theorem, see [4] for details. 

Theorem 2.1. The closure of the operator Dj^ is an unbounded Fredholm operator in L^(D) 
and it has the following index: Index{D]si) — N +1. 

Now we will discuss the annulus. While we skip some functional analytic details, we show 
the index calculation in a similar fashion to what was done in [4] in the disk case. 

If one lets r±. be the restriction to the boundary map i.e. r±f{ip) = /(p±e*'^), then one 
has the short exact sequence: 

Co°°(A,_,,J C°°(A,_,,J '■=^'"- C^{S') e C^{S') (2.3) 

where C^{Ap_^p^) is the space of smooth functions on Ap^p^ which are zero on the boundary. 

The key to index caknilation of the d-bar operator is the following proposition. In what 
follows we use the usual inner product on L^(Ap_^p^): 

dz A dz 



-2i7v 



if, 9)= f{z)g{z 
Proposition 2.2. Let D be the operator 

dz 

on C°°{Ap_^p^). Then the kernel of D is the set of bounded holomorphic functions on Ap_^p^. 
Moreover 

{Df,g) = {f,Dg) + j'^ V^r^g{ip)p^e-'^^ - j^'^ VImr^g{ip)p_e-^^^ 
where f,gE C°°{Ap_^p^) and 
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dz' 

Proof. The first conclusion is clear. The integration by parts formula follows immediately 
from Stokes' Theorem. □ 

In order to define APS-type boundary conditions here we take extra caution since the 
boundary has two components. Let be the spectral projections in L'^{S^) of the boundary 
operators onto interval (— oo, A^] i.e.: 

P^ = 7r±i s (-oo,Ar] (2.4) 

where ± is introduced due to the boundary orientations of the inner circle and outer circle. 
Then, for integers M, A", we define the operator Dm,n to be equal to D with domain 

dom(L>M,iv) = {/ e C^{\-,p+) ■■ r+f G Ran P+, r^f e Ran P'}. 
An immediate corollary of this definition is the description of the kernel of Dm,n- 

Corollary 2.3. Let Dm,n he as defined above, then 



N + M> 

otherwise. 



It follows from proposition (2.2) that the adjoint of Dm,n, is (the closure of) the operator 
Dm,n which is equal to D but with the following domain 

dom(DM,N) = {fe C°°(A,_,,J : e'^^r+Z G Ker P+, e'^^r./ G Ker P^}. 
Moreover, one has the following description of the kernel of Dm,n 

Ker(D„,„) = I ' /W = E^^r' c„.»} ifJV + M<0 

otherwise. 
The following theorem is the corresponding index theorem for the commutative cylinder. 

Theorem 2.4. The closure of the operator Dm,n is an unbounded Fredholm operator. Its 
index is given by: Index{DM,N) — M -\- N -\- 1. 

Proof. To show the Fredholm property one follows [1]. If / G C°°(Ap_^p^) then f{z) has the 
following Fourier representation: 



f{z)^Y.fn^py 



intp 

This Fourier representation is exactly the spectral decomposition of [1] using the eigenvectors 
of the boundary operators ±id/d(f. In the Fourier transform the operator D decomposes into 
sum of ordinary differential operators which allows for explicit calculation of a parametrix 
just like in [1]. 

The index computation is as follows. We have: 
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dim Ker (Dm,jv) = #{n | - N < n < M} 

_ ( a M + N <0 

^ \ M + N + 1 ifM + iV>0. 

In a similar fashion 

dim Ker{D*Mj^) = #{n \ N <n<-{M + 2)} 

_ j -{M + N + 1) if iV < 
~ \ if AT > 0. 

Consequently 

Index(DM,iv) = dim Ker(DM,N) - dim Ker(D^^^) ^ M + N + 1. 

□ 

We now turn our attention to the d-bar operator in the quantum domains. 

3. The d-bar operator on the non-commutative domains 

In this section we define the main objects of this paper: quantum disk, quantum annulus, 
Hilbert spaces of "functions", and d-bar operators. The main results are also stated at 
the end of this section. 

In the following definitions we let S be either N or Z. The main input of the theory is a 
weighted shift Uw in P(E>). Conceptually, Uw is a noncommutative complex coordinate on 
the corresponding noncommutative domain. 

Definition: Let {ck}, A; e S be the canonical basis for ^^(S). Given a bounded sequence of 
numbers {wk}, called weights, the weighted shift Uw is an operator in P{Ei) defined by: 

We will also need the usual shift operator U which is defined by 

and the diagonal operator W defined by 

Wek = WkCk. (3.1) 
Note that Uw decomposes to Uw = UW and W = {U^UwY^"^ as in the polar decomposition. 
If S = N then the shift Uw is called unilateral and it will be used to define a quantum disk. 
If § = Z then the shift Uw is called bilateral and it will be used to define a quantum annulus 
(also called a quantum cylinder). 
We require the following conditions on Uw'- 

Condition 1. The weights are uniformly positive > e > 0, for every A; e S. 
Condition 2. The shift Uw is hyponormal, i.e. 



S=[U*w,Uw]>Q. 
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Condition 3. The operator S defined in condition 2 is injective. 

Let us remark on some implications of these conditions. First note how S acts on the 
basis {cfe} 

, r 2 , (3-2) 

where Sk ■= w^ — It follows that the conditions 2 and 3 mean that the weights Wk form 
a strictly increasing sequence. Hence the following limits exist and are positive numbers: 

:= lim Wk- 

fc— >±oo 

Secondly, observe that S* is a trace class operator with easily computable trace: tr(S') = 
in the unilateral case and tr(5') = — w~ in the bilateral case. Moreover S is invertible 
with unbounded inverse. 

Let C*(W) be the C* — algebra generated by Uw- Then it is known that there are short 
exact sequences analogous to 2.1 and 2.3. Let /C be the ideal of compact operators. Then in 
the unilateral case the C* — algebra generated by Uw is the Non-Commutative Disk of [8] 
with the following short exact sequence: 

^ /C ^ C*{W) C{S^) 0. 

Similarly, in the bilateral case the C* — algebra generated by Uw is the Non-Commutative 
Cylinder, see [9], with the following short exact sequence: 

In the above we let again, abusing notation, r be the restriction map in the disk case and 
r± in the cylinder case. These two sequences are described in [6] . 

Now we proceed to the definitions of the quantum d-bar operators. With slight abuse, we 
will use the same notation for both classical and quantum operators. 

We define the Hilbert space H as the completion of C*{W) with respect to the inner 
product { , )s defined as follows: 

(a,6)5 = tr(^i/W/2a*) 

where a,b & C*{W). It is easy to verify that {a,a)s is well-defined and positive. Note that 
the inner product ( , )5 is slightly different than the one defined in [4]. This is done (among 
other reasons) to make definitions more symmetric. 

Next we define a quantum d-bar operator D inT-L by the following expression: 

Da = S-^'^ [a, Uw] 

where the domain of D is the set of those a E H for which S^^'^DaS^^'^{Da)* is trace class. It 
will be verified later that Dom(Z}) is dense and that for a G Dom(D), r(a) is a square inte- 
grable function on the boundary of the domain. This definition is again somewhat different 
than the one considered in [4]: it is symmetric with respect to left/right multiplication, and 
the operator D has better functional-analytic properties. 

A straightforward computation shows the following identities: 
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D{Uw) = 
D{Uw) = 1 

The first two computations show that D looks like ii Uw was z and the third compu- 
tation illustrates the non-commutativity of the situation. 

We proceed to the definitions of the APS-typc boundary conditions on D. Let again Pjv be 
the orthogonal projection in L'^(S^) defined in 2.2, and let be the orthogonal projections 
defined in 2.4. Now we can define D^, Dm,n in full analogy with the previous section. The 
operator equals the unilateral operator D with domain 

dom(L>Ar) = {a G Dom(L)) : r{a) G Ran Pat} . 
Similarly, the operator Dm,n equals the bilateral operator D with domain 

dom(DM,Ar) = {a G Dom(D) : r+(a) G Ran P^, r_(a) G Ran P^} . 
We are now in a position to state the main results of this paper. 

Theorem 3.1. For the non- commutative disk case, the operator is an unbounded Fred- 
holm operator. Moreover ind{Di^) = N + 1. 

This is a slight modification from [4], where a somewhat different version of was 
considered. We additionally have: 

Theorem 3.2. For the non- commutative cylinder case, the operator Dm,n is an unbounded 
Fredholm operator. Moreover ind{DM,N) = M -\- N -\- 1. 

The proofs are contained in the last section. 

4. Analysis of finite difference operators 

In this section we present a detailed analysis of certain finite difference operators related to 
Jacobi matrices. As indicated in the introduction, these operators come up us components of 
D and its adjoint in Fourier transforms. This will be fully explained in the following section. 

As before S is either Z or N. Given a sequences of positive numbers a = {a„}nes called 
weights, the Hilbert Space ^^(S) is defined by 

^li^) = I f = {fn}neS : $^-|/nr<Ool 

I nes ) 

with inner product given by {f,g) = — /nfl'n- If a sequence {/„} G ^^(S) has limits, 

lim fn, they will be denoted /±oo- 

Given two weight sequences a and a' we will be studying throughout this section the 
following unbounded Jacobi type difference operators between £^(S) and ^^/(S): 
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Afn = anifn - c«-i/n-i) wheie 
dom{A) = {f e fAS) : P/||,.(s) < 00} 
and 

Afn = a'^ifn - c;^/n+i) where 

dom(A) = {/ e : WAfWeys) < oc} 

for n e §. If § = N we assume in the above that /_i = 0. 
The coefficients a„, a'^, and c„ e C are assumed to satisfy: 

< |c„| <1, y^^^C <oo , V — = C<oo,TT— <oo. (4.1) 

neS '^'^ neS n&> ^'^ 

We also define: 

The goal of this section is to establish the Fredholm properties of the operators A, A and 
related operators obtained by imposing conditions at infinities. This is done by constructing 
a parametrix for each operator. Our discussion will be split into two separate but similar 
cases: unilateral and bilateral. 

4.1. Unilateral Case. We first study the kernels of A and A, in order to see if these 
operators have inverses or not. 

Proposition 4.1. Given A and A above we have 

KerA = {0} 
dim KerA — 1. 

Proof. First consider the equation Af^ — which is a„(/„ — c„_i/„_i) = for n = 0, 1, 2 . . . 
Then solving recursively one can see that the only solution to the equation is /o = /i = 
••• = /„ = for all n. This shows that Ker A is trivial and thus A is an invertible operator. 

Secondly consider the equation Afn = which is a^(/„ — c^fn+i) = for n = 0, 1, 2 . . . 
Then solving recursively one has 

n = 0^ /i = =/o 
n=l^ /2 = =/o 

which in general gives 

fn = /o; 

CqCi ■ ■ ■ Cn-1 

thus showing that A has a one dimensional kernel provided that /„ e •^a(N). Notice the 
following 
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1 °° 1 

l/nl = I rl/ol < n = ^l/ol 



I I j_Q I I 

since |cj| < 1 for alH = 0, 1, . . . Prom this it follows that 



n=0 

with the constants defined at the beginning of the section. Thus this completes the proof. □ 

Next we show how to find the inverse T of ^4 and we study its properties. 

Proposition 4.2. There exists an operator T G 5(£^(N), £^,(N)) such that TA — hun) and 
AT = (j^). Indeed it is given by the formula 4-2 below. In particular A is an unbounded 
Fredholm operator with zero index. 

Proof. From proposition (4.1) we know that A is invertible so let {gn} £ ^a(^) ^"^^ {/«} ^ 
dom(A) and consider the equation Afn = gn which is an{fn — Cn-ifn-i) = Qn for n = 0, 1, 2 . . . 
As above, solving for each n recursively one arrives at the following formula 



^9n = Y.^ [Y[cj] (4.2) 

i=0 

where in the above we set, for convenience: 



■ n \ ■ 



n-1 



n 

j=n 

Next we show that T e S(£^(N), £^,(N)). We divide and multiply each term as follows 

Tgn = — gn H gn-1 H \ QQ = 

_ dn _|_ C„_i^a„_i g^-i ^ ^ Cn-l ■ ■ ■ Cq^JOq go 



oo ^ 

Since llTg^lP = — \Tgn?' and since |c„| < 1 for every n, using the Cauchy - Schwartz 

f ^ n 



n=0 



inequality one has 



< 

Consequently: 



2 



a. 

,n=0 
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oo ^ 



n=0 



= C'C\\g\\\ 

which imphes that ||T|| < VC^, thus one has T e B{£l{N),£l{N)). A straightforward 
calculation shows that TA — I(,2^fq) and AT — /^z^^j^). □ 

An important corollary from this proposition is the existence of limits at infinity for 
sequences which are in the domain of A. 

Corollary 4.3. Let f — {/„} e dom{A), then lim /„ = /oo exists and is given by the 

n— >oo 

following formula 



c» -. / oo \ 
i=0 ' \j=i / 

Proof. If / e dom(74), then write f as, f — T{Af), then one has the following 

/»=E- n^.U/^ 

i=0 * \j=i J 

Taking n — >■ oo gives the formula above. □ 

We now wish to consider the operator A and determine if it has bounded right inverse 
since proposition (4.1) tells us that A has a one dimensional kernel. The next proposition 
will show this. We will be using the following notation: if V be a closed subspace of a Hilbert 
space i?, then we denote Projy, to be the orthogonal projection onto V . 

Proposition 4.4. Given A from above then there exists aT ^ such that 

AT = /^a^^jsj) and TA — Ii2(jq) — Projj^^^ ^. In particular A is an unbounded Fredholm operator 
with index equal to one. 

Proof. From proposition (4.1) we know that A has a one dimensional kernel spanned by the 
following vector Q, e Ker(74): 

oo /n—1 _ \ / oo 

s^«=n5= n= 

i=n \i=0 V \i=0 

Next consider the equation Agn = dnidn — c^gn+i) = fn for n = 0, 1, 2, ... As before solve 
the equation recursively and one will arrive at the formula 

i=0 * i=0 « \j=i / 

where go is arbitrary. To finish the construction of T we need to choose go so that TA = 
hliz) - ProjKer A it's clear that AT = It^tz)- 
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The disadvantage of the above formula for T is that it does not translate easily to the 
bilateral case. Anticipating it, we rewrite the above solution in an equivalent but different 
looking form: 

where we set YYj=n ^ — ^ ^^'^ ^if) arbitrary constant. This form of solution is also 

explained conceptually when considering bilateral case. 

For Tf to be orthogonal to Ker A, one needs (^2, Tf) = for the above ^2 e Ker A. From 
this one can deduce that L{f) is the following following hnear functional of /: 

~ 1 (]T~ |c.|2) ■ 

II II z_/n=0 a'„ VI ii=n I *l / 

It is straightforward to verify now that TA — Iei{z) ~ ^^^^KerA ^^^^ = h^,{z)- 

All that remains is to show the boundedness of T. The operator Tq is bounded by y/CC 
in exactly the same way as the operator T is proposition (4.2). To estimate L(/) we notice 
that 

00-./00 \ 00-./00 



n=0 " \i=n / n=0 " \i=0 



which implies that |L(/)| < Ky/C\\f\\ and ||T|| < y/CC' + kVCC'. This completes the 
proof. 

□ 

We again get a corollary on the existence of limits at infinity for sequences which are in 
the domain of A. 

Corollary 4.5. Let f e dom{A), then exists and is given by the following formula 

/oo = -L(Af). 

Proof. The proof for the Tq term is identical to the proof of the corollary (4.3). To compute 
the limit of the other term we note: 

i=n lii=0 ^ 

as n — >■ 00. □ 

The above corollaries allow us to consider "boundary" conditions on A and A. We define 
the operators Aq and Aq as follows: is the operator A but with domain 

dom(Ao) = {/ e dom(A) : /oo = 0}, 

and Aq is the operator A with domain 

dom(A^) = {/ e dom(A) : /oo = 0}. 



12 SLAWOMIR KLIMEK AND MATT MCBRIDE 

The four operators are closely related as shown by the following computation of the adjoint 
of ^. 

Proposition 4.6. The adjoint of A has the following formula 

Moreover the adjoint of A has the following formula 

A* = Ao. 

Proof. Computing the inner product one has: 

{Af,9) = XI —anifn - Cn-lfn-l)9n = XI (/n " Cn-lfn-l)9n = 
n=0 ^" n=0 

N / N N 



= lim Y] ifn - Cn-lfn-l)gn = 1™ /nfi-n " Cn-lfn-ign 

n=0 

Then, setting n — 1 ^ n one arrives at 



N 



{^f, 9) = fn{9n - Cn9n+l) " CNfN9N+l 

\n=0 

00 ^ 

= ~fnO!n{9n ~ C„gf„+i) — foo9oo — 



n=0 



= {f,A9) - foo9oo- 

Here note that H^n^ < 00 and |c„| < 1 implies that the Cn converge to 1. 

The functional / — )■ /oo is not continuous thus implying that if / G dom(74*), then f^ — 
and if g' e dom(74 ), then g^ — 0. This completes the proof. 

□ 

It follows that all four operators are Predholm operators where parametrix in each case is 
T, T, or their adjoints. For completeness we compute the adjoint of T and of T: this is not 
necessary for the main argument but may possibly be useful in future applications. 

Proposition 4.7. The adjoint ofT is equal to Tq of 4-3, i.e. it has the following formula: 

00 /k—l \ 

, di, \ . I 

K=n 

Similarly: 



\j=n 



T*f ^Tf- TQ. 
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Qn-l H \ go Jn = 



°° 1 °° 1 / 1 c 

{Tg, f) = Y1 —^9nfn = X] — ( —9^ + 
n=0 °" n=0 °" 

^ XI ~~ ( — ^/n J + — ( ^^^^/n J + ■ ■ ■ + — ( ^^^^^ ^^/r 

Then using n i-)- j + 1 in the second sum, n i-> j + 2 in the third sum and so on and 
relabehng the indices, one has 



5] iv^'') + X ( + ■ ■ ■ + E ~r9n ( ^^^^ — ^/„+(fc+i) )+••• = 



oo 



= E ;7^" ( ;7-^" + TT^/n+i + • • • + — ^fn+{k+i) + ■■■ ] ={g, T*f). 

n=0 " \ " '^n+Cfe+l) / 

This then shows the first result. For the second formula we notice that we just showed 
that Tq = T and the second term comes from an easy computation of the adjoint of the 
projection / L{f)Vt. □ 

Combining propositions 4.2, 4.4, 4.6 we get the following results about Aq and Aq. 

Corollary 4.8. Aq is an unbounded Fredholm operator with index equal to minus one. We 
have 

AqTq = /<?2^(N) - PrOJcokeriAo) 

TqAq = Iei(fi) 

where To := T* 
We also have: 

Corollary 4.9. Aq is an unbounded Fredholm operator with index zero, and 



TqAq — Iel,{N)- 

It turns out that we can say more about the parametrices introduced above. 

Proposition 4.10. Each of the parametrix operators: T , Tq, T , Tq is a Hilbert- Schmidt 
operator. 
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Proof. We present the details for the operator T, other cases are similar. In fact the proposi- 
tion already follows from the way we estimated the norm of T since T is an integral operator. 

oo 

We give an alternative proof here. First note that HrHI^^ = tr{T*T) = ^ llT'ejH^ where 

i=0 

{ci} is the canonical basis for ^^(N). So 

(Tei)^ = — (ej)„ + ^^iei)n-i H h —{ei)o. 

It follows that {Tei)n = \/n < i, and 

{Tei)i 



Ci+lCi 



+2 



a,; 



Then we estimate 



I 1 1 2 \ — ^ "^1 1 2 /^f 

1-^^*11 — \ciCi+i ■ ■ ■ Ci+k\ < —C , 



and consequently 
IITI 



oo oo ^ 

HS < VCC. 



2 

HS .. 

1=0 1=0 



□ 



We now shift our attention to the bilateral case and study the same type of properties 
as considered in the unilateral case. It turns out that both A and A have one dimensional 
kernels in that case, one has to use infinite products for some expressions, and there are 
more options of imposing conditions at infinities. However the analytic aspects of the theory 
are no different then the unilateral case and so we provide less detail in some estimates to 
avoid repetitiveness. 

4.2. Bilateral Case. As in the unilateral case we start with the study of the kernels of 
A and A. It turns out that both A and A have one dimensional kernels. First recall the 
constants defined at the beginning of this section 

C = ^— <oo, C" = ^^<oo and ^ = ]^ 7—7 < 00. 

Proposition 4.11. Given A and A above we have: 

dim KerA = 1 
dim KerA = 1. 
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Proof. First we investigate the kernel of A. To this end we need to solve the equation 
Afn = cinifn — c„_i/n-i) = for 71 G Z. This is done recursively and, for n > 0, one arrives 
at the following 



n-l 



/n = n ^0 -^-i' - °- 



\i=-l 



Next, in a similar fashion, solve the equation for n < to get the following 



=-2 



The two formulas above can be written compactly in the following semi-infinite product 



n-l 



/.= n 



Ci a 



for any constant a. To see that the kernel of A is indeed one dimensional, we need to verify 
that {fn} e ^a'(^)- Using the fact that \ci\ < 1 for all i one has that 



n— 1 

n 



\a\ < \a\ 



■^Y- = \a\^C' <oo, 



thus{fn}e£l,iZ). _ _ 

Next we study the equation Afn — a'nifn — c^/n+i) = for n e Z. We get 



/n = [ n = ) /o for n > 
and the similar formula for n < 



.1=0 



f-n = i^Yi '^'j fo^ n > 1. 
We also have the same type of semi-infinite product for A: 

\i=n / 

for any constant f3. As with A, to guarantee that the kernel of A is one dimensional, we 
need to verify that {/„} e ^a(^)- Using the fact that |q| < 1 for all i one has that 



n 



< oo. 



neZ 



This completes the proof. 

Next we construct a parametrix for A. 



□ 
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Proposition 4.12. There exists aT e B{il{Z),il,{Z)) such that AT = h^j^) and TA = 
h'^ (z) ~ PfojKerA- In particular A is an unbounded Fredholm operator with index equal to 
one. 

Proof. We start by looking at the equation Afn — an{fn — Cn-ifn-i) — Qn wliicli can be 
written as: 

/„ - c„_i/„_i = ^. (4.4) 

We use variation of constants metliod to solve (4.4). First observe that the homogeneous 
equation fn — Cn-ifn-i = has the following solution by the kernel calculation in proposition 
(4.11): fn — (nr=-oo '^i) some constant a. Consequently we set 



n-l 



/»= n 



\j=-oo 

and substitute this into equation (4.4). This leads to the following equation for q;„: 



n-l ^ \ 
\j=-oo ■< / 



n 1 / i—1 



n-l 



which has a solution given by: 

E ^( n ^1^^- 

l = — CO \j = — co 

Therefore one has a particular solution of equation 4.4: 
and the general solution is 

/"=EMn-.)*-(n 

i=-oo * \j=i , 

The above expression gives the formula for T: 

Tgn - T^Qn - C^{9)^n: (4-5) 

where 



a 

i=— oo " \3=t 



'n—1 \ I n-l 

d I a. 



a. 

i=— oo ' \3=i 



and Vt~ := 11^=^00 ^"^^ '^(q) arbitrary. 

It's is clear from our construction that AT = I(.i{z)- To make sure that we get TA 
Ip (z) ~ P^ojKer Ai we must make a choice on a{g) just as in the unilateral case: 
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a{g) ~ 



Tig) X^neZ J2i=-oo an li (nA;=-oo ^k) {Y{j=i ^j) 9i 



-112 



SnGZ ^ (ni=-oo 

Convergence of the sums and products and the boundcdness of T is estabhshed just as in 
the unilateral case. The operator Ti is bounded by V CC in essentially the same way as the 
operator T is proposition (4.2). To see that we write 

[Tig)n = — 7=gn H : ^^=gn-i + 



and estimate using the Cauchy-Schwartz inequality and the fact that the |ci| < 1 for all i: 



\Tign? < 



+ 



+ 



1 , ,2 1 



IS'n-ll + 



< 



Consequently 

To estimate a{g) we notice that 

c'>IWI' = E;^fn 



> 



n 



which implies that \a{g)\ < KVC\\g\\ and ||r|| < VCC' + kVCC'. This completes the 
proof. □ 

An important corollary from this proposition is the existence of limits at infinities for the 
sequences which are in the domain of A. 

Corollary 4.13. Let f e domlA), then f±^ exist and are given by the following formulas : 



oo-./oo\ / CO \ 

i=—oo \j=i / \i=—QO / 



/_oo = a{Af). 

Proof. Using the previous proposition and the methods invoked in corollaries (4.3) and (4.5) 
yields the desired result. □ 

Next wc state analogous results about the A. 

Proposition 4.14. There exists aT e B{il,{Z),il{Z)) such that AT = 1^ and TA = 

^e^,{i) ~ P'^'^JKerA- -^'^ particular A is an unbounded Fredholm operator with index equal to 
one. 
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Proof. The solution of the equation 

«n(/n - C;r/n+l) = 9n forn G Z 

is given the following formula 

oo ^ / i—1 \ / oo \ 

^9n = J2^.[U^]9^-[U~^) M = To9n - m^^, (4.7) 

i=n ' \j=n / \i=n / 

where we set nj=n^ = 1 Pis) arbitrary constant. Here 

oo ^ / i—1 \ 

andn+:=nSn^- _ _ 

One has the relation AT = /^z (g), however to make sure one has TA — Iei{z) ~ P^ojKer a> 

we need to make the following choice of f3{g): 



The previous methods yield 

IITII < y/CC' + kVCC' < oo, 
and the statement of the proposition follows. □ 

An immediate corollary is the following: 
Corollary 4.15. Let f e dom{T), then /±oo exist and 

/oo = M) 

oo ^ / i—1 \ / oo \ 

/-oo = E 7 n ^U/^- n ^) w)- 



i=— oo ' \j=— oo 



Imposing vanishing conditions at infinities we can construct the following six operators. 
^0 is the operator A but with domain 

dom(Ao) = {/ e dom(A) : /oo = 0} 
and Aq is the operator A with domain 

dom(^) = {/ e dom(]4) : /oo = 0}. 
Ai is the operator A with domain 

_ _ dom( A) = {/ e dom(A) : /_oo = 0} 

and Ai is the operator A with domain 

dom(A[) = {/ e dom(A) : = 0}. 
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Finally A2 is the operator A with domain 

dom(A2) = {/ e dom(^) : /±oo = 0} 
and A2 is the operator A with domain 

dom(:4;) = {/ e dom(A) : = 0}. 
The above operators are related by the calculation of adjoints of A and A. 

Proposition 4.16. With the above definitions we have: 

A* ^A^, A* = Ti, Al = A^, A*^ A, T = A2, A* = A, A* = ^0, A* = A. 
Proof. This easily follows from the integration by parts formula: 



{Af, g) = if, Ag) - f^Qoo + /-ooS'-oo- 

□ 

It follows from the definitions and the kernel calculations for A and A that the just 
introduced six operators Aq, Ai, A2, Aq, Ai, A2 have no kernel, while the adjoint calculation 
shows that only ^2,^2 have cokernel (of dimension one). 

Next we find a parametrix for each of the above operators. So far we have constructed 
T, formula 4.5, and T, formula 4.7. In view of the above proposition we set T2 := T and 
T2 := T*. We have also introduced Ti, formula 4.6, and Tq, formula 4.8 and one can verify 
like in proposition 4.7 that = Tq. We introduce similar looking operators: 

n ^ /n— 1 ^ 



i=— 00 \]=i 

and 

't-i 



a,- 

i=n ' \J=™ 



for which we have — Ti. Then we get the following summary of the Fredholm properties 

of our operators. 

Proposition 4.17. With the above definitions we have 

AqTq = 7^2(2) and TqAq = 

AiTi = 7^2 (z) and TiAi = 7^2^(2) 

A2T2 = 7^2(2) - Projcoker{A2) and T2A2 = 7^2^(2) 



^0^0 = Ie^,{z) and AqTq = 7^2(2) 



TiAi = 7^2^(2) and AiTi 



T2A2 = 7^2^ (z) and A2T2 = - Projcoker(A^- 
In particular all six operators are unbounded Fredholm operators with index zero for Aq, Ai, 
Aq, Al and index minus one for A2, A2. 
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We conclude this section with a simple observation on functional- analytic properties of 
the parametrices. 

Proposition 4.18. Each of the 8 parametrix operators: T, Tq, Ti, T2, T, Tq, Ti, T2 is a 
Hubert- Schmidt operator. 

5. Fourier Transform in Quantum Domains 

In this section we consider the Fourier Transform in the quantum domains, and get de- 
composition theorems for the Hilbert Space H and the operator D, defined in Section 3. The 
following discussion covers both cases S = N and S = Z in a fairly uniform manner: there are 
only a few places where the difference between the unilateral and the bilateral cases needs 
to be covered separately. We will make an extensive use of the label operator defined as: 

Kck = ksk, 

where {ck}, /c G § is the canonical basis for ^^(S). The label operator lets us write different 
diagonal operators as its functions. For example two previously introduced operators can 
be expressed, with some notational abuse, as 1^ = W{K), and S = S{K), see 3.1 and 3.2, 
with W{k) = Wk, and S{k) — — wl — wl_^. Additionally, the elements of ^^(S) will also 
be written using the function notation i.e. {fk} — {f{k)}. If {f{k)} has a limit at ±00 it is 
denoted by /(±oo). 

For the purpose of the following discussion we define 

a(")(A;) = S-^/\k)S-^^\k + n). (5.1) 

Then one has the following lemma which is essentially a Fourier decomposition of the Hilbert 
space Ti. 

Lemma 5.1. Let a*^") = {a^''^\k)} be the sequence of positive numbers defined above. The 
map I : 0^=0 (S) ® ©^=1 ^a(^) (S) ^ ^ given by 

00 00 00 00 

^{fm{k)hes © ^{gn{k)hes 4 J2 U"''fm{K) + J2 gn{K){U*r 

m=0 n=l m=0 n=l 

is well-defined and is an isomorphism of Hilbert spaces. 

Proof. First we need to show that / is an isometry. We will only do this for the gn{K) terms 
as the calculation for the fn{K) terms is essentially identical. We have 

*^ / 00 00 

= tr S'l\K)Y,g^{K){UTS"\K) U''^ 

■H \ n=l 1=1 



n=l 



\ n=l 
c» 00 ^ 00 



n=l k=0 "fe n=l 

and thus the norms are the same and / is an isometry on its range. To show that Ran I — % 
we need to demonstrate that Ran / is dense in %. 
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Slik) 



First note that C*{W) is dense in H by construction. Define 5i{k) to be the following 
function: 

1 k = l 
k^l. 

Then the (not normalized) canonical basis in £^(^)(S) corresponds through the map / to 
U^5i{K) and similarly the canonical basis in corresponds to 5i{K){U*Y . Note that 

U'^5i{K) and Si{K){U*)'^ sit inside C*{W), so all that is required is to show they generate 
a dense set in C*{W) in the topology induced by H (they do not in the usual topology of 
C*{W)). However this is clear since 

y^SiiK) ^ I inn 

1<L 

because the operator S is trace class. It follows that U, U* are in Ran /, and thus Ran I is 
a dense subspace of "H. □ 

In what follows it will be convenient sometimes to write the Fourier series for a e ?^ in 
one of two ways: 

OO OO OO OO 

m=0 n=l m=l n=0 

where we always set fo{k) = go{k). 

We will now use the Fourier transform described in the above lemma to find a decompo- 
sition of D in terms of the operators A and A defined in the previous section. Recall that 
those operators depend on sequences of weights a, a' and coefficients c subject to conditions 
4.1. Since in the following the parameters vary, we will need appropriate decorations on A 
and A. To do that, in addition to sequences 5.1, we introduce: 

c^''\k) :^W{k)W-\k + n + l). (5.2) 

Now we define the operators ^^"^ as follows: 

A("):dom(A("))c£^(„,„(S)^e„(§) 

where dom(^W) = {/e£^(„+,)(§) : < oo} 

A(")/(A;) = a(")(fc) {m - c^^\k - 1) f{k - 1)) . 

The corresponding formal adjoints A are defined in the same way as in the previous section 
i.e. 

:4^"^ : dom(A^"^) C £2(„)(§) ^ £2^„+,)(§) 

where dom(:4^'^^) = {/e£^(„,(S) : ||:4/||,.^^^^^(s) < oo} 

A^^'^fik) = a^^+'\k){f{k) - -c^-\k)f{k + 1)). 
Additionally we will need the following diagonal operator W^'^\K) := W{K + m) i.e. 

W^"'^f{k) := W{k + m)f{k) 
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for / e ^^(„)(S). Clearly W^'^^ is a bounded, invertible, self-adjoint operator with a bounded 
inverse. 

Now we can state the main decomposition theorem. A minor difficulty here is that D is 
not diagonal with respect to the Fourier decomposition of the Hilbert space but rather shifts 
the components by one. 

Theorem 5.2. With the above notation the operator D has the following decomposition: 

CO CX) OO GO 

Da = Y^U^UK) + Y,9'n{K){UT, where a = ^ [/-/^(i^) + J2g^{K){UT and 

m=l n=0 m=0 n=l 

f^^^ = _A^"V(")/m and g[,_^ = l^^'^-^M^^-i^^^. We write symboUcally: 

Proof. We compute the expression Da = S-^/\K) [a, UW{K)] S-^/^{K) using the Fourier 

OO OO 

decomposition: a — If^fmiK) + ([/*)". We use the following commutation 

m=0 n=l 

relation 

f{K)U = Uf{K + l). 
Then one obtains, setting in the unilateral case W{—1) = /„(— 1) = 1) = 0, 

Da - S-^/^K) [a, UW{K)] S-^^^K) 

CO 

= J2 S-^I\K) {U^f^(K)UW(K) - UW{K)U^f^{K)) S-'/\K) 

m=0 

OO 

-rY,S-^'\K) {g^{K){U*r-'W{K)-UW{K)g^{K){U*r) S'^'^K). 

n=l 

The above expression is equal to 

OO 

- U^^'S-'/\K)S-'/\K + m + 1) {W{K + m)f^{K) - W{K)f^{K + 1)) 

m=0 

OO 

+ Y S-^'\K)S-^'\K + n - 1) {W{K + n - l)gn{K) - W(K - l)g^(K - 1)) (C/*)"-\ 

n=l 

which can be written as: 

- Y t/-+ia(-+i) {K) (w{K + m)fm{K) - i^rl + 1) ^ + + ^^^"^^^ + 
+ Yw{K + n- l)a(--'\K) L{K) - - 1)) (C/*)"-^ 

n=l ^ ' ^ 



D-BAR OPERATORS ON QUANTUM DOMAINS 23 

This is equal to: 

OD 

_ ^f;m+l^(m+l)^^^) (W^M (ii^) (i^) - C^'^\K)W^'^\K + 1) f^{K + 1)) 

m=0 

oo 

+ ^iy("-i)(X)a("-i)(X) {g,{K) - c^^-'\K - - 1)) {UT''- 

n=l 

Consequently 

oo oo 

m=0 n=l 

Next we need to verify that the a^^\ see (5.1), and the c^"\ see (5.2), satisfy the conditions 
4.1. Note that since Wk is an increasing sequence converging to > one has |c(")(/i;)| = 

< 1. 



Wk+n+1 

In the unilateral case, S = N, we compute 



oo 



+\n+l 



k=0 



C^") {k) Wq - ■ -Wj, 



< OO. 



Next note that 



oo oo 



k=0 



< 



k=0 



E 



^ fc=0 ^ k=0 



A J^Sfc < OO, 

with the constant C*^""^ going to zero as n — >■ oo. 
In the bilateral case (/c e Z) we have 



oo ^ 

^^"^ TT ^ 

1 1 ^(n) ( 



\n+l 



k=—oo 



c(")(A;) (w-) 



n+l 



< OO. 



Next we estimate 



fe=-oo ^ k<-n/2 k>-n/2 



< y/w^ — w~ / Sfc + Vw^ — w~ / Sk < oo, 

y k<-n/2 y A:>n/2 

and again the constant C^") goes to zero as n — > oo. □ 
As we will see later on, the significance of lim C*^"-* = is that it implies compactness of 

n— >oo 

a parametrix of D, subject to APS boundary conditions. 
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We state here without a proof the analogous result for the formal adjoint D of D. We 
define 

Db := S-'/\K)[b,W{K)U*]S-'/\K). 
on the maximal domain, like the operator D. We have the following decomposition. 

Theorem 5.3. With the above notation the operator D can be written as 

6. Results 

We are now in a position to consider the proofs of the main results of this paper. We 
rephrase here the statements of the theorems from Section 3 adding more detail. The oper- 
ator Disf equals the unilateral operator D with domain 

dom(DAr) = {ae Dom{D) : r(a) G Ran P^} . 
We will now prove the first of the main results of this paper. 

Theorem 6.1. The operator Dn defined above is an unbounded Fredholm operator with index 
ind{D]^) = In fact, there is a bounded operator such that Ker{Qi\f) = Coker{D]\f) , 

DnQn = I — Projcoker{DN)j ^'^^ QnDn = I — ProjKer(DN)- Morcovcr the parametrix Qn 
is a compact operator. 

Proof. All the hard work has been done. It's now just a matter of piecing together appro- 
priate results from the previous sections. First we analyze the APS boundary conditions. 
Let a = X)r=o U'^fn{K) + gn{K){U*Y be in dom(Z:)jv). Then the restriction r(a) from 
section 3 is well defined. We note that r acts on [/, ^7*, and f{K) in the following way 

r{U) = e*'^ 
r{U*) = e-''^ 
r{f{K)) = /(oo) • I - hm f{k) ■ I. 

fc— >oo 

The third equation holds because the difference f (K) — f {oo) ■ I is a compact operator, and 
r vanishes on compact operators. Consequently we see that r acts on a e Dom(D) in the 
following way: 



oo oo 



r(a) = Yl ^'"^ynioc) + ^^„(oo)e-^"'^. 

m=0 n=l 

This means that for r(a) to be in the range of P/v, where Ran P/v = spanje™'^}, one has the 

n<N 

following: if > 0, then /n(oo) = for n > A^, and if A^ < 0, then /n(oo) = for all n 
and Qnioo) = for n < —N. Thus from Theorem (5.2) and from proposition (4.6) one can 
represent subject to the APS boundary conditions as follows 



D 



N 



_^M^M)iv^^^ (_^^M^M)^^^^^^ (^(n-i)^(n-i))oo^^^ for AT > 
((-A^^™VM)^=o, (W^("-')4""'^);frS (l^("-')A("-i))- for A^ < 
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Also note from Theorem (5.2), proposition (4.6) and the above analysis of the APS con- 
ditions, one can represent as follows 



D 



{{-W(^^A^^^)Z=o, (-W^^")^^"^^)^=iv+i, (^^""'V(-^))~ ,) for AT > 
(^(_iyM^M)^^^^ (:4^""'V("-i))-ff \ (A^""'V("-i))~ for AT < 

Prom these representations and from proposition (4.1), one gets the following 



dim KerDjv = 

and 



N + 1 ioT N>0 
for AT < 



dim KerD 



N 



for AT > 

-(A^ + 1) for AT < 

and thus the index calculation follows. To conclude that is a Predholm operator we need 
to construct a parametrix. We build Qiv in the following fashion: 



Q 



for A^ > 



j_VMt(™))^^„, (-\/(™)To^'"^)~=^+i, (T(«-i)l^(-i))- ,) 
(^(_^MjrM^^^^^ ^^^(n-i)yin-i)^-N-i^ (r("-i)l^("-i))~ for A^ < 

where T("), T^"\ T^'^\ and 7^^"^ are, correspondingly, the parametrices for ^("), A^"'\ aJ,"^ 



and Aq , as defined in Section 3, and 



:= (l1/(™)) ^ . 

Prom corollary (4.8) and propositions (4.4) and (4.2), it follows that 



QnDn 

and 



/-ProjKe.D, forAr>0 
I for AT < 



DnQ 



N 



I for AT > 

ProjKerD^* forA^<0. 
Prom the construction, the kernel of each T operator is the cokernel of the corresponding 
A operator, which implies that Ker{Q]\j) = Coker{DN). 

Pinally all that remains is to show that Qat is a bounded, and in fact, a compact operator. 

Notice that T^^-^^V^^-^^ and -V^™) To are compact operators (in fact Hilbert-Schmidt 
operators) with norms that can be estimated as follows: 

||y(n-l)^(n-l)|| < J_VC("-1)C(") 
Wo 

and similarly 

-Ml, / 1 
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Since C^"^ as n — >■ oo, it follows from the decomposition that Qn is compact as a 
uniform limit of compact operators. Thus this completes the proof. □ 

Now we consider the non-commutative cylinder case. The operator Dm,n equals the 
bilateral operator D with domain 

dom(DAf^jv) = {a e T)om.{D) : r+(a) G Ran P^, r_(a) G Ran P^j . 

Theorem 6.2. The operator Dm.n above is an unbounded Fredholm operator with index 
ind{DM,N) ~ M + N + 1. In fact, there is a bounded operator Qm,n such that that 
Ker{QM,N) = Coker{DM,N), Dm,nQm,n = I - Projcoker{DM,N)^ "'^^ Qm,nDm,n ^ I - 
PfojKer{DM n)- Morcovcr the parametrix Qm,n is a compact operator. 

Proof. The proof is analogous to the previous proof, however there are more cases to consider. 
This is due to the way we treated both the disk and the cylinder in complete parallel so far. A 
different Fourier transform of the Hilbert space could also have been considered leading to an 
easier index calculation. However that would have made the corresponding decompositions 
of D different and more complicated to analyze. 

Let a = Er=o U'^fniK) + E"=i gn{K){U*Y be in dom(L'M,iv). Then we have 

oo oo 

r±{a) = J2 e*™^/n(±oo) + 5,(±oo)e--^. 

m=0 n=l 

We need r+(a) to be in Ran — spanle*'*^}, and for r_(a) to be in Ran P^ — span {e'"*^}, 

n<N -M<n 

SO one is led to consider the following six cases. In each case we list the decomposition of the 
operator Dm,n (in the first line), its adjoint Dm,n* (in the second line), and the parametrix 
Qm,n (in the third line). 

Case 1 : M + N>0 

Case 1(a) : N>0, M>Q 

((-A^"^V(™));^=o, (-^^™V(™))-=^+„ (iy("-^)A(-^))*L„ (iy("-^Mr^))~ M+i) 

((-W(-)^2(™))^=0, (-^^'"^^l^"^^)~=iV+l, (^^""'V("-l))f=„ (^^'^"'V('^-^))~ M+l) 

f ( \/(ni)Tpi'^)\N ( T/(m)7fr("i)\oo (rp{n-l)\r{n-l)\M (rp{n-l)-,r{n-l)\oo \ 

\\ ^ )m=Qi\ ^ -'O )m=NJrn\-^ ^ Jn=lA-'l ^ )n=M+lJ 

Case 1(b) : N <Q, M>Q 

((-:4^^'"VM)-=o, {W^'-'^At'^^,-'. (W^("-^)A("-^))f_^, {W^-'^At'^)-^M^,) 

((-iyMA,M)~=o, (A^"" V("-^);fr\ (^^"" V("-^))f_^, (A^^"-%(--^))- M+i) 



NOO 

)n=M+l 
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In the formulas above there is no second term when N — —1. 
Case 1(c) : M <0, N>0 

((-A(-VM)-fo-\ (-:4('"VM)^_^, (-A^"VM)~.^^„ {W(^-'^At'')-^^) 

((-yM7Y^-))-f-i, (-y(-)T^"^^)^_M, (-T^("^)7^^"^^)~=Ar+i, ,) 

When M = in the above formulas we simply omit the first term. 
Case 2 : M + N < 

Case 2(a) : N <Q, M <Q 

((-:4^^"^VM)-fo-\ {W^-'^At-'Y^^,-\ 
(^(_iyM^M)-M-i^ (A^'^-'V(--^));ff \ (^^'^"'V(--^));r=-iv) 

(^(_^M^M)-M-i^ 

In the formulas above there is no first term when M — Q. 
Case 2(h) : N <0, M>0 

((-^^"V(-))-=o, {W(''-'^At'^)^U, {W^-'^At'Yn^MU, {W^''-'^At'^)-_j,) 

(^(_^M^/-))~^^, (A^'^"'V("-^));l„ (:4^""'V("-^));fM^„ (^^'^"'V('^-^))~ 

Case ^fc; ; > 0, M < 

{{-A^'-^w^-Xzl, (-:4;^"^V(-))-f^\ (-A^^™V(-))~._^, ,) 

(^(_tyM^^M)iv-i^ {-W^A^"^y);^^\ (^^""'V("-^))~ 

// T/(m)7r"(™)\Ar-l / t/MTttMn-M-I / t/MTttMnoo /Tn(n-l) T^(n-l) xoo ^ 

[[-^ ^1 jm=0'l-'^ ^2 )m=N d''^ -'-0 Jm=-M'Ul Jn=lJ 

In the formulas above there is again no first term when = 0. 

From these representations and from proposition (4.11), one gets the following 
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dim Ker{DM,N) = | q for M + iV < 0, 

and 

J. r forM + iV>0 

dim Ker (DM,iv )- I for M + iV < 0. 

Thus index calculation follows. Using the analysis done in section 4, we get the following 
two relations 



Qm,nDm,n 

and 



/-ProjKerDM. for M + iV > 

I ior M + N <0, 



_ j I ior M + N>0 

Vm,nQm,n - j ^ _ ProjKe.z.M,.« for M + TV < 0. 

The relation Ker{QM,N) — Coker{DM,N) follows from the same property of the parametrix 
of each component of Qm,n- 

The proof that Qm,n is compact is the same as in the unilateral case. □ 
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